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============

The Euler--Mascheroni constant $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \gamma =0.5772156649015328\ldots $$\end{document}$$ is one of the most famous constants in analysis and number theory. It is the limit of the sequence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \gamma_{n}=1+\frac{1}{2}+\cdots +\frac{1}{n}-\log n. $$\end{document}$$

There are many famous problems related to the properties of this constant; for example, it is not known yet whether the Euler--Mascheroni constant is a rational number. In recent years, many researchers made great efforts in the area of concerning the rate of convergence of the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$(\gamma_{n})_{n\geq 1}$\end{document}$ and establishing sequences converging faster to the Euler--Mascheroni constant *γ*.

We begin with a brief overview of the relevant research.

To reveal the speed of convergence of the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$(\gamma_{n})_{n \geq 1}$\end{document}$, Boas \[[@CR5]\] and Mortici and Vernescu \[[@CR20], [@CR21]\] established the following double inequality for the difference between the sequence and the Euler--Mascheroni constant: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{2n+1} < \gamma_{n}-\gamma < \frac{1}{2n}. $$\end{document}$$

DeTemple \[[@CR12]\] modified the logarithmic term of $\documentclass[12pt]{minimal}
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                \begin{document}$\gamma_{n}$\end{document}$ and showed that the sequence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ R_{n}=1+\frac{1}{2}+\cdots +\frac{1}{n}-\log \biggl( n+ \frac{1}{2} \biggr) $$\end{document}$$ converges to *γ* with rate of convergence $\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{24(n+1)^{2}} < R_{n}-\gamma < \frac{1}{24n^{2}}. $$\end{document}$$ Vernescu \[[@CR28]\] provided the sequence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ V_{n}=1+\frac{1}{2}+\cdots +\frac{1}{n-1}+\frac{1}{2n}- \log n, $$\end{document}$$ which also converges to *γ* with rate of convergence $\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{12(n+1)^{2}}< \gamma -V_{n}< \frac{1}{12n^{2}}. $$\end{document}$$ Cristea and Mortici \[[@CR11]\] introduced the family of sequences $$\documentclass[12pt]{minimal}
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                \begin{document}$$ v_{n}(a,b)=1+\frac{1}{2}+\cdots +\frac{1}{n-2}+ \frac{an+b}{n(n-1)}- \log n, $$\end{document}$$ where *a*, *b* are real parameters. Furthermore, they proved that, among the sequences $\documentclass[12pt]{minimal}
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                \begin{document}$(v_{n}(a,b))_{n\geq 1}$\end{document}$, the privileged one $\documentclass[12pt]{minimal}
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                \begin{document}$( v _{n} ( \frac{3}{2},-\frac{5}{12} ) ) _{n\geq 1}$\end{document}$ offers the best approximation to *γ*, since it has the rate of convergence $\documentclass[12pt]{minimal}
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                \begin{document}$$ v_{n} \biggl( \frac{3}{2},-\frac{5}{12} \biggr) =1+ \frac{1}{2}+\cdots +\frac{1}{n-2}+\frac{13}{12(n-1)}+ \frac{5}{12n}-\log n, $$\end{document}$$ they obtained the bounds $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{12n^{3}}+\frac{11}{120n^{4}}< v_{n} \biggl( \frac{3}{2},- \frac{5}{12} \biggr) -\gamma < \frac{1}{12n^{3}}+ \frac{13}{120n^{4}} \quad (n\geq 9). $$\end{document}$$ Lu \[[@CR16]\] used continued fraction approximation to obtain the following faster sequence converging to the Euler--Mascheroni constant: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ r_{n}^{(2)}{ \biggl( \frac{1}{2},\frac{1}{6} \biggr) }=1+\frac{1}{2}+ \cdots +\frac{1}{n}-\frac{3}{6n+1}-\log n, $$\end{document}$$ which satisfies $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{72(n+1)^{3}}< \gamma -r_{n}^{(2)}{ \biggl( \frac{1}{2}, \frac{1}{6} \biggr) }< \frac{1}{72n^{3}}. $$\end{document}$$

Recently, Wu and Bercu \[[@CR29]\] constructed the new sequence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \omega_{n}=\sum_{k=1}^{n}{ \frac{1+(2b_{1}-1)(-1)^{k-1}}{k}}-\log \biggl[ n+{\frac{(-1)^{n-1}(2b_{1}-1)+1}{2}} \biggr] -(2b_{1}-1)\log 2, $$\end{document}$$ which converges to *γ* with rate of convergence $\documentclass[12pt]{minimal}
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                \begin{document}$n^{-2}$\end{document}$.

For more detail about the approximation of the Euler--Mascheroni constant with very high accuracy, we mention the works of Lu \[[@CR16]--[@CR18]\], Sweeney \[[@CR27]\], Bailey \[[@CR2]\], Crînganu \[[@CR10]\], and Alzer and Koumandos \[[@CR1]\]. We also mention the excellent survey by Lagarias \[[@CR15]\]. Hu and Mortici \[[@CR13], [@CR14], [@CR19]\] provided some similar methods to deal with approximation of the constant *e*.

In this paper, starting from the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$(\gamma_{n})_{n\geq 1}$\end{document}$, we use an approximation of Padé type and provide a new convergent sequence for Euler--Mascheroni constant.

The Padé approximant is the best approximation of a function by a rational function and often gives better approximation of the function than truncating its Taylor series. For these reasons, Padé approximants are also used in computer calculations (see \[[@CR3], [@CR30]\]).
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                \begin{document}$P(n)$\end{document}$ of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[1/2]$\end{document}$: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ P_{[1/2]}(n)=\frac{\alpha_{0}+\alpha_{1}n}{1+\beta_{1}n+\beta_{2}n ^{2}}=\frac{a_{1}}{n+b_{1}}+\frac{a_{2}}{n+b_{2}}. $$\end{document}$$

We will use this Padé approximant $\documentclass[12pt]{minimal}
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                \begin{document}$p_{[1/2]}(n)$\end{document}$ as an additional term to establish a new quicker sequence converging to the Euler--Mascheroni constant. More precisely, we consider the following sequence: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma_{n}^{(2)}=1+\frac{1}{2}+\cdots + \frac{1}{n}-\log n-\frac{a _{1}}{n+b_{1}}-\frac{a_{2}}{n+b_{2}}. $$\end{document}$$

Furthermore, we will provide lower and upper bound estimates for the difference between the sequence and the Euler--Mascheroni constant.

Main results {#Sec2}
============

Our main results are stated in the following theorem.

Theorem 2.1 {#FPar1}
-----------
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                \begin{document}$$ \Gamma_{n}^{(2)}=1+\frac{1}{2}+\cdots + \frac{1}{n}-\log n-\frac{a _{1}}{n+b_{1}}-\frac{a_{2}}{n+b_{2}}, $$\end{document}$$ *and let* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& a_{1}=\frac{1}{24b_{1}(1-3b_{1})}, \\& a_{2}=-\frac{(6b_{1}-1)^{2}}{24b _{1}(1-3b_{1})}, \\& b_{2}=\frac{b_{1}}{6b_{1}-1},\quad b_{1}\in \biggl( \frac{1}{6},\frac{1}{3} \biggr)\cup \biggl(\frac{1}{3},+ \infty \biggr). \end{aligned}$$ \end{document}$$ *Then we have the asymptotic expansion* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma_{n}^{(2)}=\gamma +\sum_{k=4}^{m} \biggl( -\frac{B_{k}}{k}+(-1)^{k} \bigl(a _{1}b_{1}^{k-1}+a_{2}b_{2}^{k-1} \bigr) \biggr) \frac{1}{n^{k}}+O \biggl( \frac{1}{n ^{m+1}} \biggr) $$\end{document}$$ *as* $\documentclass[12pt]{minimal}
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                \begin{document}$B_{k}$\end{document}$ *are Bernoulli numbers*. *More explicitly*, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Gamma_{n}^{(2)}&=\gamma +\frac{1-10p}{120}\cdot \frac{1}{n^{4}}+\frac{p ^{2}}{2}\cdot \frac{1}{n^{5}}+ \biggl( \frac{p^{2}-36p^{3}}{12}- \frac{1}{252} \biggr) \frac{1}{n^{6}}+{p^{3}}(18p-1) \frac{1}{n^{7}} \\ &\quad {}+\cdots + \biggl( \frac{(3-\sqrt{9-p^{-1}})^{m-3}-(3+ \sqrt{9-p^{-1}})^{m-3}}{24(-1)^{m}p^{3-m}\sqrt{9-p^{-1}}}-\frac{B _{m}}{m} \biggr) \frac{1}{n^{m}}+O \biggl( \frac{1}{n^{m+1}} \biggr) \end{aligned}$$ \end{document}$$ *as* $\documentclass[12pt]{minimal}
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                \begin{document}$p=b_{1}^{2}/(6b_{1}-1)$\end{document}$.

*Furthermore*, *we have the following double inequality*: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{1-10p}{120}\cdot \frac{1}{n^{4}}< \Gamma_{n}^{(2)}- \gamma < \frac{1-10p}{120}\cdot \frac{1}{n^{4}}+\frac{p^{2}}{2}\cdot \frac{1}{n ^{5}}. \end{aligned}$$ \end{document}$$

Proof {#FPar2}
-----

Using the representation of the harmonic sum in terms of digamma function (see \[[@CR4]\]) $$\documentclass[12pt]{minimal}
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                \begin{document}$$ 1+\frac{1}{2}+\cdots +\frac{1}{n}=\gamma +\frac{1}{n}+\Psi (n) $$\end{document}$$ and the asymptotic formula $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Psi (z)&=\log z-\frac{1}{2z}-\sum_{k=2}^{m} \frac{B_{2k-2}}{(2k-2)z ^{2k-2}}+O \biggl( \frac{1}{z^{2m}} \biggr) \\ &=\log z-\frac{1}{2z}-\frac{1}{12z^{2}}+\frac{1}{120z^{4}}- \frac{1}{252z ^{6}}+\cdots +\frac{-B_{2m-2}}{(2m-2)z^{2m-2}}+O \biggl( \frac{1}{z^{2m}} \biggr) , \end{aligned}$$ \end{document}$$ we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &1+\frac{1}{2}+\cdots +\frac{1}{n}-\log n \\ &\quad =\gamma +\frac{1}{n}+ \Psi (n)- \log n \\ &\quad =\gamma +\frac{1}{2n}-\frac{1}{12n^{2}}+\frac{1}{120n^{4}}- \frac{1}{252n ^{6}}+\cdots +\frac{-B_{2m-2}}{(2m-2)n^{2m-2}}+O \biggl( \frac{1}{n^{2m}} \biggr) . \end{aligned}$$ \end{document}$$ Hence $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Gamma_{n}^{(2)} & =1+\frac{1}{2}+\cdots + \frac{1}{n}-\log n-\frac{a _{1}}{n+b_{1}}-\frac{a_{2}}{n+b_{2}} \\ & =\gamma -\frac{a_{1}}{n+b_{1}}-\frac{a_{2}}{n+b_{2}}+ \frac{1}{2n}- \frac{1}{12n^{2}}+\frac{1}{120n^{4}} \\ & \quad {}-\frac{1}{252n^{6}}+\cdots +\frac{-B_{2m-2}}{(2m-2)n^{2m-2}}+O \biggl( \frac{1}{n^{2m}} \biggr) . \end{aligned}$$ \end{document}$$ Using the power series expansion gives $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{a_{1}}{n+b_{1}} & =\frac{a_{1}}{n} \biggl( \frac{1}{1+\frac{b _{1}}{n}} \biggr) \\ &= \frac{a_{1}}{n} \biggl(1-\frac{b_{1}}{n}+\frac{b_{1}^{2}}{n ^{2}}- \frac{b_{1}^{3}}{n^{3}}+\cdots +(-1)^{m}\frac{b_{1}^{m}}{n^{m}} \biggr)+O \biggl( \frac{1}{n^{m+2}} \biggr) \\ & =\frac{a_{1}}{n}-\frac{a_{1}b_{1}}{n^{2}}+\frac{a_{1}b_{1}^{2}}{n ^{3}}-\frac{a_{1}b_{1}^{3}}{n^{4}}+ \cdots +(-1)^{m}\frac{a_{1}b_{1} ^{m}}{n^{m+1}}+O \biggl( \frac{1}{n^{m+2}} \biggr) \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{a_{2}}{n+b_{2}}=\frac{a_{2}}{n}-\frac{a_{2}b_{2}}{n^{2}}+\frac{a _{2}b_{2}^{2}}{n^{3}}- \frac{a_{2}b_{2}^{3}}{n^{4}}+\cdots +(-1)^{m}\frac{a _{2}b_{2}^{m}}{n^{m+1}}+O \biggl( \frac{1}{n^{m+2}} \biggr) $$\end{document}$$ as $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Gamma_{n}^{(2)} & = \gamma + \biggl( \frac{1}{2}-a_{1}-a_{2} \biggr) \frac{1}{n}+ \biggl( - \frac{1}{12}+a_{1}b_{1}+a_{2}b_{2} \biggr) \frac{1}{n^{2}}- \bigl( a _{1}b_{1}^{2}+a_{2}b_{2}^{2} \bigr) \frac{1}{n^{3}} \\ & \quad {}+ \biggl( \frac{1}{120}+a_{1}b_{1}^{3}+a_{2}b_{2}^{3} \biggr) \frac{1}{n ^{4}}- \bigl( a_{1}b_{1}^{4}+a_{2}b_{2}^{4} \bigr) \frac{1}{n^{5}}+ \biggl( -\frac{1}{252}+a_{1}b_{1}^{5}+a_{2}b_{2}^{5} \biggr) \frac{1}{n ^{6}} \\ & \quad {} +\cdots + \biggl( \frac{-B_{2m-2}}{2m-2}+a_{1}b_{1}^{2m-3}+a_{2}b _{2}^{2m-3} \biggr) \frac{1}{n^{2m-2}} \\ & \quad {} + \bigl( -a_{1}b_{1}^{2m-2}-a_{2}b_{2}^{2m-2} \bigr) \frac{1}{n^{2m-1}}+O \biggl( \frac{1}{n^{2m}} \biggr) . \end{aligned}$$ \end{document}$$ From the assumption conditions $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& a_{1}=\frac{1}{24b_{1}(1-3b_{1})}, \\& a_{2}=-\frac{(6b_{1}-1)^{2}}{24b _{1}(1-3b_{1})}, \\& b_{2}=\frac{b_{1}}{6b_{1}-1},\quad b_{1}\in \biggl( \frac{1}{6},\frac{1}{3} \biggr)\cup \biggl(\frac{1}{3},+ \infty \biggr), \end{aligned}$$ \end{document}$$ we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{2}-a_{1}-a_{2}=0,\qquad -\frac{1}{12}+a_{1}b_{1}+a_{2}b_{2}=0,\qquad a_{1}b_{1}^{2}+a_{2}b_{2}^{2}=0. $$\end{document}$$ Therefore $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Gamma_{n}^{(2)}&=\gamma+ \biggl( \frac{1}{120}+a_{1}b_{1}^{3}+a_{2}b_{2}^{3} \biggr) \frac{1}{n ^{4}}- \bigl( a_{1}b_{1}^{4}+a_{2}b_{2}^{4} \bigr) \frac{1}{n^{5}}+ \biggl( -\frac{1}{252}+a_{1}b_{1}^{5}+a_{2}b_{2}^{5} \biggr) \frac{1}{n ^{6}} \\ & \quad {}+\cdots + \biggl( \frac{-B_{2m-2}}{2m-2}+a_{1}b_{1}^{2m-3}+a_{2}b _{2}^{2m-3} \biggr) \frac{1}{n^{2m-2}} \\ & \quad {}+ \bigl(-a_{1}b_{1}^{2m-2}-a_{2}b_{2}^{2m-2} \bigr)\frac{1}{n^{2m-1}}+O \biggl( \frac{1}{n ^{2m}} \biggr) . \end{aligned}$$ \end{document}$$ Note that, for all odd Bernoulli numbers $\documentclass[12pt]{minimal}
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                \begin{document}$(m\geq 2)$\end{document}$, the last expression can be rewritten as $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Gamma_{n}^{(2)}&=\gamma+ \biggl( \frac{1}{120}+a_{1}b_{1}^{3}+a_{2}b_{2}^{3} \biggr) \frac{1}{n ^{4}}+\cdots + \biggl( \frac{-B_{2m-2}}{2m-2}+a_{1}b_{1}^{2m-3}+a_{2}b _{2}^{2m-3} \biggr) \frac{1}{n^{2m-2}} \\ & \quad {} + \biggl( \frac{-B_{2m-1}}{2m-1}-a_{1}b_{1}^{2m-2}-a_{2}b_{2}^{2m-2} \biggr) \frac{1}{n ^{2m-1}}+O \biggl( \frac{1}{n^{2m}} \biggr) \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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This completes the proof of Theorem [2.1](#FPar1){ref-type="sec"}. □

Some remarks on Theorem [2.1](#FPar1){ref-type="sec"} {#Sec3}
=====================================================

Remark 3.1 {#FPar3}
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Remark 3.2 {#FPar4}
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Remark 3.3 {#FPar5}
----------

For more results relating to the Euler constant, sequences, and some estimates, we refer the interested reader to Sîntǎmǎrian \[[@CR23]--[@CR26]\] and the references therein.

Conclusion {#Sec4}
==========

To provide a sequence converging faster to the Euler--Mascheroni constant, we construct a sequence $\documentclass[12pt]{minimal}
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